Abstract. In the context of the Standard Model (SM), we use the one-loop and two-loop Renormalization Group Equations (RGE) in order to analyze the evolution of the Higgs quartic coupling λ H in the interval [m t , E GU ], where m t is the mass of the top quark and E GU = 10 14 GeV. The analytical solution for the one-loop differential equation (Riccati type) is obtained and analyzed and in the two-loop case we obtain a numerical solution which takes into account all the parameters (couplings) at the same order of approximation. In both cases, we restrict the possible initial values for λ H by means of imposing the triviality and stability conditions which determine the range of energies where the SM is valid. We obtain the following bounds: 0.387 < λ H < 0.623 for the oneloop case and 0.360 < λ H < 0.628 for the two-loop case. These results determine the interval of the possible Higgs mass values: 151.9 < M H < 192.3 GeV, 143.8 < M H < 190.3 GeV for the one-loop and two-loop cases, respectively.
GENERAL IDEAS
Nowadays, the SM is the main tool that high-energy physicists have to describe the elementary particle phenomena. The Higgs boson is the only experimentally missing ingredient needed to give a physical reality to the model. Therefore, the knowledge of the boundary values for the mass of the Higgs particle is of prime importance.
Let us start with the presentation of the main features of the subject and the notation we use. A Higgs doublet Φ is introduced in order to generate the masses of the particles in the Lagrangian with the Higgs potential of the following form:
where Φ =:iτ 2 Φ * . Y U , Y D and Y denote the quark and charged lepton Yukawa couplings (which are 3 × 3 complex matrices); m 2 and λ H are the quadratic and quartic Higgs couplings, respectively. We do not include any neutrino terms, because their contributions are negligible at the order of approximation we are interested in. Furthermore, after the spontaneous symmetry breaking, only a scalar neutral particle φ 1 Becaria EDD and COFAA-IPN.
remains and the Higgs potential becomes
The SM Lagrangian includes also the kinetic terms and determines, through the gauge invariance, the possible interactions between particles. The physical results for different processes are obtained through a perturbative expansion. The main problem that arises in the precise evaluation of the parameters of the theory is the appearance of divergencies caused by the inclusion of loops in the Feynman graphs. The renormalization scheme deals with these divergencies. It furnishes a way for subtracting the infinite contributions, and absorbing them into the redefinitions of the physical parameters, which yield numerical results that agree with the experimental data. The renormalized parameters do depend on the energy scale through the renormalization point E. A shift of the renormalization point is a scale transformation that induces a multiplicative transformation. The group of such scale transformations is called the renormalization group (RG) .
In order to analyze the evolution of the relevant parameters in the SM according to an energy scale t = ln(E/E 0 ), the (generic) RGE reads as follows:
denoting by the upper indices (1) and (2) the corrections to one and two loops, respectively. These equations have been analyzed by several authors without considering the knowledge about the top quark mass [1] and using some simplifications [2] . The goal was also to establish the limits on the Higgs Mass [2, 3] and to generalize these ideas in supersymmetric models [1, 4] . Since the Higgs mass is mainly related to λ H [2, 5] , but also to Y U , g 1 , g 2 and Z (the renormalizing factor of the Higgs field), it is important to know precisely the running of all these parameters with energy.
SOLUTION OF THE RGE
The complete and revised form of the equations (3) is shown explicitly in [6] . In solving the equations, we take as our reference point for initial values E 0 = m t ≈ 172.5 GeV ⇒ t min = 0 and the interval of interest ends at E GU = 10 14 GeV ⇒ t max ≈ 27.08.
Since we neglect the neutrino's contribution, there is no mixing in the leptonic sector, so Y is already diagonal. With respect to Y D and Y U , they can be diagonalized for each t as proved in [7] . Considering Y U , Y D and Y as diagonalized, we only take into account the heaviest element from each family; this is to say, we retain the contributions of the top, bottom and tau. We also "scalarize" the equations by taking traces in all of them: 
5 in the one-loop case λ H has a pole whereas for two loops it tends to the asymptotic value of ≈ 24 (see Ref. [9] ). In each case, the third and fifth values are those referred in Eqs. (7) y (10), respectively.
In the case of the gauge couplings g i 's, the values at t 0 are established after performing the one-loop evolution from t (M Z ) to t 0 , then the values we use are g 0 1 = 0.463, g 0 2 = 0.648 and g 0 3 = 1.173. The initial value for the Higgs quartic coupling λ 0 H is unknown but it is restricted through the SM validity conditions. These bounds will turn out to be the boundary values on the Higgs mass.
To solve the one-loop RGE, we retain only the up sector contribution (consistently) in the right hand side of Eq. (3), so the equations decouple and we can obtain the analytical solution: 
where W 1 and W 2 are solutions of the associated second order linear equation and they are chosen to satisfy W 0
To analyze the two-loop case, we also include the down and leptonic contributions in the right hand side of the β 's. Due to the mathematical complexity, we proceed numerically (in Maple X). In Fig. 1 , we illustrate the λ H one-and two-loop evolution for various initial values, whereas in Fig. 2 the evolution of gauge and Yukawa couplings is shown. Y U , Y D and λ H are quantities that present an important difference when calculated to one and two loops, see Ref. [10] . 
STABILITY AND TRIVIALITY
To assure that Eq. (2) makes physical sense throughout the interval m t ≤ E ≤ E GU , we require that λ H must be positive and finite. These requirements are also called the stability and triviality conditions, respectively. In the one-loop case (i.e. from Eq. (6)), we observe that the zeros of λ H are determined by the numerator, whereas the singularities (Landau poles) are obtained from the zeros of the denominator. Thus, both conditions constrain the acceptable values of λ 0 H = λ H (m t ) :
The first value comes from λ H (λ 0 H ,t max ) = 0, the second one from λ H (λ 0 H ,t max ) → ∞. Incidentally, there exists an interesting relation between the two conditions in equation (6) , the numerator is the derivative of the denominator.
The Two-Loop Asymptotic Condition
In the two-loop approximation, λ H (t) does not diverge for the λ 0 H 's that produce an increasing behavior, but it reaches an asymptotic value of ≈ 24. Even though, in this case the stability condition is reliable, the triviality one is not useful anymore and needs to be reconsidered.
In this context, the analysis of Ref. [2] (the most cited article about the Higgs mass) deserves some discussion. At first, the λ used in [2] is equivalent to our λ H /2. A "fix point" value of λ FP = 12 is proposed and interpreted as a local maximum, but it corresponds to an asymptotic value instead. Further, the Y U evolution is neglected and without justification Y U (t) is assumed to reveal an increasing behavior, but actually it decreases. At last, based on the perturbative expansion validity, a UV bound for the SM is proposed as the t UV given by the condition λ (t UV ) = λ FP /2 or λ (t UV ) = λ FP /4.
On the other hand, from the evolution graphs ( Figure 2 ) we note that Y U is a strictly decreasing function and Y U (t) < 1 = Y 0 U in all the energy range. Y D and Y are negligible, in the sense that they do not affect the λ H evolution. In the RGE for λ H [6] , g 1 , g 2 and Y U appear only in powers of two or greater, so their contributions are small at high energies.
Hence for the asymptotic behavior of λ H it is valid to retain only the leading terms of the RGE, and to determine the λ as H from the condition:
Inspired by Ref. [2] , we propose the following condition for the SM UV cutoff:
Finally, from the stability and Eq. (9), respectively, we obtain limits on λ 0 H in the twoloop approximation: 0.360 < λ 0 H < 0.628.
The bounds in Eq. (7) and Eq. (10) arise from our choice of the maximum energy E GU . When this energy is increased, the bounds for λ 0 H become more restricted. Beyond E GU it is usual to consider the extensions of the SM. At energies below E GU the bounds are less constrained and the corresponding results are shown in Fig. 3 . 
